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Combination Group 1 Group 2
A 1,2 3,4
B 1,3 2,4
C 14 2,3
D | 2,34
E 2 1,3,4
F 3 1,2,4
G 4 1,2,3
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D, = \/(1‘ -] )2+ ST (1)
where 1){,\1x = the values for i and j on variable x

iy,jy = the values for i and j on variable y

and Dii = the distance between 1 and j

Figure 7 shows how we apply equation {1) to finding the distance between places
9(1) and 10(3). The tem (i~ 3 )7 15 (40 - 50)7 or 100. Similerly

iy - 37 45 (10 - )7 o0 100, 5 0,5 = /T + 00, wich is 1.1

PYTHAGORAS THEOREM

AC? = AB’s BC

- 32 + 52

= g + 25 =34
AC = f34 =583
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sl 4 ylas

.
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Table 1 _Distances between places on Figure 2.

Place
1 z 3 4 5 3 7 a 9 10 11 12 13 14 15 16
1 o 7.1 9.4 10.0 43.0 49.5 64.0 64.0 30.0 41.2 51.0 57.0 70.0 76.5 7z.8 30.0
2 7.1 0 3. 7 36.1 4z.4 57.0 &7.0 25.56 38.1 45.3 51.0 66.7 72.83 £9.6 35.4
3 9.4 3.0 o 5.4 33.6 40.4 56.2 54.7 26.3 39.4 45.1 50.5 67.5 73.7 70.8 38.3
4 10.0 7.1 5.4 ¢ 35.4 43.0 58.2 56.6 z1.6 44.7 50.0 55.2 72.8 79.1 76.2 40.0
5 43.0 36.1 33.6 35.4 o 10.0 25.5 21.2 35.4 47 .4 35.4 36.1 63.6 70.7 71.1 B%.6
& 49.5 42.4 40.4 43.0 10.0 0O 15.8 15.8 35.4 45.3 29.2 28.3 57.0 64.0 65.2 73.8
7 €4.0 57.0 55.2 58.3 25.5 15.8 0 14.1 a4._7 51.0 30.0 25.5 53.9 62.1 63.3 86.0
w 2 64.0 57.0 54.7 56.6 21.2 15.8 14.1 o 51.0 60.0 41.2 38.1 67.1 73.8 76.2 89.4
9 30.0 25.5 26.3 31.6 35.4 35.4 44.7 51.0 o 121 22.4 29.2 41.2 46.9 44.7 42.4
10 41.2 38.1 39.4 44,7 47.4 45.3 51.0 60.0 14.1 1] 22.4 25,2 30.0 35.4 31.6 44.7
11 51.0 45.3 45.1 51.0 35.4 20.2 30.0 41.2 22.4 22.4 o} 7.1 28.3 35.4 36.1 &4.0
12 57.0 561.0 50.58 57.0 36.1 28.3 25.5 38.1 29.1 29.2 7. o} 29.2 36.1 38.1 1A
13 7C.7 66.7 6£7.5 70.7 63.6 57.0 63.9 67.1 41.2 30.0 28.3 29.2 o} 7.1 0.0 72.8
14 76.5 72.8 73.7 76.5 70.7 68.0 62.1 73.8 46.4 35.4 36.4 36.1 | 0 7.1 76.8
18 72.8 9.6 70.8 72.8 71.1 B5.2 68.3 76.2 44.7 31.6 36.1 38.1 10.0 7.1 o 70.7

16 30.0 35.4 38.3 40.0 69.6 73.8 86.0 89.4 42.4 44.7 64.0 71.1 7z.8 76.5 70.7 0O
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Do

column 1 2 3 4 5 6 7 8

Smallest row
value is 1in
row 2 3 2 3 6 5 8 7

Column 9 10 11 12 13 14 15 16

smallest row
value is 1in 13

row 10 9 12 11 14 = 14 1

(Note that place 14 has two equidistant nearest neighbours)

The groups can be shown by a diagram, in which an arrow Tlinks each place
to its nearest neighbour, as follows:

1 o Group A S¥=——26 Group B
T i
16 3 ¢€«——14 7e=—————>8 Group C
13 9 m—————=2>10 Group D

14 Group F 11 im7m7/—Fr12 Group E

E78.3 average =78.3/4=19.6
Pairs of Places Distanc
e
25.5
21.2

15.8
15.8

oo 01 O
1
o~ 00 N
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Table 2 Inter-group distances from Table | a

_Group
A B C D E F
(members) (1-2-3-4-16) (5-6) (7-8) (9-10) (11-12) (13-14-15)
A 18.6 46.7 64.2 36.4 54.0 72.6
B 46.7 10.0 19.6 40.9 322 65.3
C 64.2 19.6 4 517 337 66.1
D 36.4 40.9 51.7 14.1 25.8 38.2
E 54.3 322 87 258 11 33.9
F 72.0 65.3 66.1 38.2 33.9 Hi

sral 223 Y51 1 saal e Y maentl) e Ll L 38y ylally 2 Jsaall (e gaeal) ke a3
. ngfg\ Jpsjd\‘slc- ¢ dgac LJS QSA —a Za%ﬁ
Column A B C D E F

Sma11est row value D c 2 £ D D
in row
From this we derive our grouping:

R3]
I,r Group H Bg——¢ Group G
.

Table 3 Inter-group distances from Table 2 a

GrouE
6 H
(B-C) (A-D-E-F)
G (B-C) J7.15 52.7
H.(A-D-E-F) 52.7 37.7
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Fig. 4 Linkage tree for Elementary Linkage Analysis of Villages in Figure 2
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Column 1 2 3 4 5 6 7 8

Row with
6 5 7
1 SHER 2 3 2 3 8
value 7.1 3.0 3.0 5.4 10.0 10.0 14.1 14.1
column 9 10 11 12 13 14 15 16
Lo with 10 9 12 11 14 13/15 14 1
smallest entry
yalue 14.1 14.1 7.1 7.1 7.1 7.1 7.1 30.0
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Average

Places Forming Intra-Group

Step Grouped Distance Group Distance
1 2-3 3.0 A 3.0
2 A-4 6.2 B 5.2
3 11-12 7=1 C 7.1
13-14-15 7.1 D 8.1
4 B-1 8.8 E 7.0
5 5-6 10.0 E 10.0
6 7-8 14.1 G 14.1
9-10 14.1 H 14.1
F-G 19.6 J 7.1
8 C-H 25.8 K 20.7
9 D-K 36.1 £ 2757
10 E-16 37.9 M 18.6
1 L-] 50.8 N 38.3
12 N-M 68.7 0 30.1
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Table 4 Distances between places after first step in hierarchical grouping

Place

1 4 5 6 7 8 g 10 1 12 13 14 15 16 A
1 0 10.0 43.0 49.5 64.0 64.0 30.0 41.2 51.0 57.0 70.7 76.5 72.8 30.0 8.3
4 10.0 0 35.4 43.0 58.3 56.6 31.6 44,7 50.0 55.2 72.8 79.1 76.2 40.0 6.2
5 43.0 35.4 0 10.0 25.5 21.2 35.4 47.4 35.4 36.1 63.6 70.0 71.1 69.6 34.8
6 49.5 43.0 10.0 0 15.8 15.8 35.4 45.3 29.2 28.3 57.0 64.0 65.2 73.8 41.]
7 64.0 58,3 25.5 15.8 0 14.1 44,7 51.0 30.0 25.5 53.9 62.1 63.3 86.0 56.1
8 64.0 56.6 21.2 15.8 14.1 [ 51.0 60.0c 41.2 38.1 67.1 73.8 76.2 89.4 55.6
9 30.0 31.6 354 354 44.7 51.0 0 4.1 2.4 29.2 41,2 46.4 447 42.4 259
10 41.2 44,7 47.4 45.3 51.0 60.0. 14.1 0 22.4 29.2 30.0 35.4 31.6 44.7 388
11 51.0 50.0 35.4 29.2 30.0 41.2 22.4 22.4 0 7.1 28.3 35.4 36.1 64.0 45.2
12 57.0 55.2 36.1 28.3 25.5 38.1 29.2 29.2 7.1 0 29.2 36.1 38.1 71.1 50.8
13 70.7 72.8 63.6 57.0 53.9 67.1 41.2 30.0 28.3 29.2 0 7.1 10,0 72.8 67.1
14 76.5 7%.1 70.7 64.0 62.1 73.8 46.4 354 354 36.1 7.1 0 7.1 76,5 73.3

15 72.8 76.2 71.1 65.2 63.3 76.2 44.7 31.6 36.1 38.1 10.0 74 0 70.7  70.2
16 30.0 40.0 69.6 73.8 86.0 89.4 42.4 44.7 64.0 71.1 72.8 76.5 70.7 0 32.7
A 8.3 6.2 348 41.4 5.1 5.8 259 38.8 452 50.8 67.1 73.3 70.2 32.7 3.0
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Fig. 5 Linkage tree tor Hierarchical Clustering with Centroid Replacement
ot villages in Figure 2.
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Fig. 6 Frequency Histogram and Cumulative Frequency Distribution of
Distances in Table 1.
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Places Forming Average Intra-

step Grouped Distance Group Group
Distance
1=2 10.0 A 10.0
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4 A-C 40.5 D 33.0
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Fig. 8 Linkage tree for application of ward's Method to Constituencies in Figure 7
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Distance to Three-Group Solution Two-Group Solution

Centroid
of, Group A B G B D
Station
1 5 91 45.5 91 2525
2 5 81 35.5 81 15.25
3 75 10 3555 10 5575
4 95 10 5%.5 10 7575
5 52.5 32.5 13 32.5 33225
6 27.5 575 13 58.5 7325
W
a 1 2 8 od 3 4 wrke-stavion
10 e 2 723 20 DISTANCES
c 8
® ? a ] . i |, camtmmins tumee
GROUF SOLUTION
[ 8
v e —_— - —
; r - A 3¢ e Bests

Fig. 9 Jhe Optimal Grouping Problem: A Hypothetical Railway System
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Distance to

Centroid 1
of Group 3 D
station 1 80.2 14.2
2 70.2 4.2
3 0.8 66.8
4 20.8 86.8
5 21.7 44 .3
6 47.7 18.3
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where x. = value of variable x for ith observation

x = the mean of all values of x
S = the standard deviation for x

Z. = the Z score for cbservation i
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Fig. 10 Linkage tree for the Final Stages of a Classitication ot
Melbourne’'s Social Areas (aftter Jones, 1969, p. 98).
Table 5 Mean ranks for Melbourne social areas
(N = 611)
Mean Rank for
No. of socio-Economic Family Ethnic
Group __ Members status Status, Status
287 421 383 155
1 183 375 450 158
2 14 567 534 61
3 1 598 435 1
4 81 519 225 176
5 4 244 209 119
6 3 301 330 15
II 83 104 502 390
7 8 37 602 320
8 41 152 494 407
9 3 226 601 342
10 14 30 463 545
n 5 8 483 607
12 1 36 606 563
13 6 128 518 18
14 5 37 437 149
IIT 240 236 145 456
15 7 493 7 370
16 47 477 77 402
7 27 265 32 503
18 94 101 144 537
19 66 215 254 362
20 1 57 2 606

Source: Jones (1969, p.99)
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(e.g. Russert, 1967) (e.g. Shepherd and Jenkins, 1972)
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Table 6 Contiguity Matrix for Fiqure p?
Place

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

1 - 0 1 1 0 1 0 0 0 0 0 0 0 0 ] 0

2 0 - 1 i ¢ 0 0 0 0 0 0 0 0 0 0 1

3 1 0 - 0 0 1 0 0 0 1 0 1 0 0 0 0

4 1 1 0 - 1 1 0 0 0 0 t] 0 0 0 0 0

5 0 1 0 1 - 1 0 1 1 0 0 0 0 0 0 1

6 1 0 1 1 1 - 0 0 1 0 0 0 0 0 0 0

7 0 0 0 0 0 0 - 1 0 0 1 0 1 G 0 0

8 0 0 0 0 i 0 1 - 1 0 1 0 1 0 0 1

9 0 0 0 0 1 1 0 1 - 1 0 0 1 i 0 0

10 0 0 1 0 0 0 0 0 1 - Q 1 0 1 1 0
1 0 0 0 0 0 0 1 1 0 4] - 0 0 0 0 1
12 0 0 i 0 0 0 0 0 0 1 ¢] - 0 0 1 0
13 0 4] 0 0 0 0 1 1 1 0 0 0 - 1 0 0
14 0 0 0 0 0 0 0 0 1 1 0 0 1 - 1 0
15 0 0 0 0 0 0 0 0 0 1 0 1 0 1 - 0
16 0 1 Q 0 1 0 0 1 0 0 1 (1] 0 0 0 -

-

A1 = two places are contiguous 0 = non-contiguous
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Places Forming Average

Step Grouped Distance Group Intra-Group
Distance
1 (13-14-15 7.1 A 8.1
2-4 7.1 B 7.1
2 B-1 8.6 C 8.1
3 c-3 5.9 D 7.0
4 5-6 10.0 E 10.0
5 (7-8 14.1 F 14.1
(9-10 14.1 G 14.1
6 E-F 19.6 H 17.1
7 G-12 29.2 3 24.2
8 H-11 33.9 K 23.8
9 D-16 35.9 L 18.6
10 J-K 36.7 M
1 L-M 50.9 N
12 A-N 59.2 0

JEia 1 (a8 asuadil) g asanil)

Gl sl Apas Afiny 855 ¢ )5 A8l phadialy ¢ (a8 aanilll il ja) e ALY (e

LlSa san 5 86 () Lagilily < Lal | s il 38 B Ael 3l g5l dsn (1974) 22,5

L gl Ll Blati il jpatie ddu e Cla glaa Lgie JSI5 ¢ (Clalll e e gana g il
CPCA Aot 3l s sSall Jalas aladialy ¢ 3aalxia ¢ drg )l ) i) @l juriiall jlaial

\
12 3 4 1 9 10 11 12 13 14 15 5 6 7 8
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(212 Jal) dae ) )l g1 53 (e dalata B jde Cau paad ad ¢ glaill 28
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Fig. 13 The efticiency ot the classitications shown in Figure 12. On the
vertical axis, the within-group distances as a percentage of the
e sl er ot

total distances ar hown; on the horizontal axis the numb

groups is indicated. The solid graph reters to the grouping with
contiguity constraint, the pecked l|ine to the grouping without such
a constraint (atter Bytuglien and Nardgard, 1974).
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Species x
present absent
present f a ' b a+b
Species y !
sbsent ¢ li d c4d
a+c b+d N
ad-bc)2N
)(2 = { )N N L}

{a+b){a+c] (b+d) (ctd)

Table 7 pistribution of bird species by woodlands

Species

vood land A B [o D E F G H
1 1 0 1 0 0 1 0
2 1 1 1 0 0 .0 1 1
3 1 1 1 0 0 0 0 0
4 1 1 1 0 0 0 1 1
5 0 0 0 1 1 1 0 0
6 1 0 0 0 1 1 1 1
7 0 0 1 0 0 0 0 0
8 1 1 1 0 0 0 1 1
9 0 1 1 1 0 0 1 0
10 1 1 1 0 0 0 0 1
u 0 0 1 1 0 0 1 0
12 1 0 1 0 0 0 1 1
13 0 1 0 1 1 1 0 0
14 0 0 0 0 1 1 1 1
15 1 0 0 0 1 0 0 0
16 0 0 0 1 0 1 1 1
7 0 1 0 1 1 1 0 1
18 0 (1] 0 1 1 0 1 0
19 0 0 0 1 1 1 0 1
20 0 0 0 1 1 1 1 0

For species A and B in Table 7, the 2 x 2 contingency table and the calcul-
ation for x% are:

Species A
present absent
Species B present 5 3 8
absent 4 8 12
. 9 n 20
2 ((5x8) - (4x3))2 x 20
X% 5+3) x (5+44) x (3+8) x (448)

= ((40-12)2 x 20)/8 x 9 x 11 x 12 = (282 x 20)/9504

(784 x 20)/9504 = 15680/9504 = 1.6

Table 8 1nter-Species chi-square statistics

Species

5 A B C D E F G H
A - 1.6 5.1 13.4 1.8 557, 0.4 1.8
B 1.6 - 3:3 0.4 3.0 1.2 0.5 0.8
€ 5.1 3.31 & 5.1 12.8 13.3 0.8 0
D 13.4 0.4 51 = 1.8 9.1 0.1 1.8
E 1.8 3.0 12.8 1.8 o 755 0.8 0.8
F 5.7 1.2 13.3 5.1 7.5 - 0.6 0.8
G 0.4 0.5 0.8 0.1 0.8 0.6 = 0.8
H 1.8 0.8 0 1.8 0.8 0.8 0.8 =

29.8 10.8 40.4 27.7 28.5 34.2 4.0 6.8

The full 8 x 8 matrix of inter-species xz values is presented in Table 8.
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Group Members
I - C present 1,2,3,4,7,8,9,10,11,12
ITI - C absent 5613 14 .15 16717 218 19,20

1Y) w5 Jalaa el o Ll Lagia JS1 Sl o aY) 55805 ¢ (e sanae o) Ll

A8 () Al el a8 3 ¢ sl 8 2lasiul 2" g il g g ¢ (9 sl Al A
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s ¢ Ul | ire Db ) Capaill muay @lld a5 ¢ S8 5l Gagae e Gle ganall paan
SV cle gaadl

Table 9 Distribution ot bird species by two woodland groups

Group I Group II
Species Species
wWoodTland woodland
A B D E F G H A B D E F G H
1 10 0 1 0 1 0 5 0 0 1 1 1 0o 0
2 1 0 0 O 1 1 6 1 0 0 1 1 1 1
3 1 1 0 0 0 0 0 13 0 1 1 ] 1 0 0
4 1 0o 0 O 1 14 0 0 0 1 1 1 1
7 00 0 0 o0 0 0 15 1 0 0 1 0o 0 o0
8 11 0 0 0 1 16 0 0 1 0 1 1 1
9 01 i 0 0 1 0 17 0 1 1 1 1 0 1
10 11 0o 0 0 0 18 0 0 1 0 1 0
1 00 0o 0 0 19 0 0 1 1 0 1
12 0o 0 o0 0 1 20 0 0 1 1 1 0
Table 10 Inter-species chi-square. statistiss
Group I Group II
Species Species
A B D E F G H A B D E F G H
A 1.3 6.0 0.5 0 0 4.3 - 0.6 6.0 0.3 1.4 0 0
B 1.3 = 0.1 1.6 0 0.1 1.6 |0.6 - 151, 70238 j0u6 25 0
D 6.0 0.1 - 0.3 0 1.1 2.5 |6.0 1.1 - 0.5 0.5 0.5 0.5
E 0.5 1.6 0.3 0 0.5 1.1 |0.3 0.3 0.5 = 0.3 11 1.1
F 0 0 0 0 = 0 0 |1.4 0.6 0.5 0.3 = 0 2.5
G 0 0.1 1.1 0.5 0 0.5]0 2.5 0.5 1.1 0 - 0.4
H 4.3 1.6 2.5 1.1 0 0.5 = 0 0 0.5 1.1. 2.5 0.4 =
E12.1 4.7 10.0 4.0 0 2.2 10.0 8.3 6.1 9.1 3.6 5.3 4.5 4.5
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on 2
Step  Group Species Forms Groups of Woodlands X
1 C I 1,2,3,4,7,8,9,10,11,12 13.3
1 5,5,13,14,75,16,17,18,'(9.20 '
2 I A 111 1,2,3,4,8,10,12,1IV 7,9,11 5.0
11 D v 5,13,16,17,]8,19,20.VI 6,14,15 6.0
3 II1 E VII 1 XII1 2,3,4,8,10,12 2.9
v D IX 7 X 9,1 3.0
and
G
G XI 5,13,17,19 X11 16,18,20 2k
VI F,G, XITI 15 XIV 6, 14 3.0
and
H
4 VIII G Xv 2,4,8,12  XVI 3,10 2.8
XI B four groups of one member each
and
H
X1I E XVII 16 XYIII 18,20 3.0
and
H
5 Xv B XIX 2,4,8 XX 12
6 XIX division not possible - three members perfectly
alike
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Fig. 14 Linkage tree for Association Analysis of the Woodlands in Table 7.
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Fig. 15 Groups of Settlements and of Central Functions in East Anglia
1876, according to Association Analysis (after Caroe, 1968, p.264).
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